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ENERGY OF GENERALIZED DISTRIBUTIONS
J. C. GONZA´LEZ-DA´VILA
Abstract. We consider the energy of smooth generalized distributions and also of sin-
gular foliations on compact Riemannian manifolds for which the set of their singularities
consists of a finite number of isolated points and of pairwise disjoint closed submanifolds.
We derive a lower bound for the energy of all q-dimensional almost regular distributions,
for each q < dimM, and find several examples of foliations which minimize the energy
functional over certain sets of smooth generalized distributions.
Keywords and phrases: Generalized distribution, singular foliation, mixed scalar curvature,
energy of distributions, tubular and radial foliations, compact rank one symmetric spaces.
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1. Introduction
Let σ : x ∈ M 7→ σ(x) ⊂ TxM be a smooth generalized distribution [12] on an n-
dimensional compact and connected Riemannian manifold (M,g). Denote byMr the subset
of its regular points. When the restriction σr of σ to Mr is a regular distribution, that is,
the lower semicontinuous function d, given by d(x) = dimσ(x), is a constant q on Mr, σ is
said to be an q-dimensional almost regular distribution. If d is constant on whole M, σ is
the classical distribution. For the sake of brevity, we will refer to generalized distributions
simply as distributions and we will use the term regular for the classical distribution.
In the general case, we can only guarantee that d is constant on each one of the connected
components of Mr. Let 1 ≤ q1 < q2 < · · · < ql ≤ n = dimM be the values of d on Mr and
put M ir := {x ∈ Mr | d(x) = qi}, i ∈ {1, . . . , l}, the union of the connected components,
supposed to be oriented, on which d is constant equals to qi. Then σr is the union of
the regular qi-dimensional distributions σi on M ir, i = 1, . . . , l, and it could be seen as
a smooth section of the Grassmannian bundle π : G(Mr) =
⋃l
i=1Gqi(M
i
r) → Mr, where
Gqi(M
i
r) =
⋃
x∈M ir Gqi(TxM
i
r) is the Grassmannian bundle of the qi-dimensional linear
subspaces in the tangent space TM ir. Because Gq(M
i
r) is diffeomorphic to the homogeneous
fibre bundle SO(M ir)/S(O(qi) × O(n − qi)), SO(M ir) being the principal SO(n)-bundle
of oriented orthonormal frames of (M ir, gM ir ), G(Mr) will be provided (see Section 3)
with a natural Riemannian metric gK , known as the Kaluza-Klein metric [19]. It makes
π : (G(Mr), g
K)→ (Mr, gMr ) a Riemannian submersion with totally geodesic fibres, where
gMr denotes the induced metric by g on Mr.
Date: 29th October 2018.
Supported by D.G.I. (Spain) Project MTM2013-46961-P.
1
2 J. C. GONZA´LEZ-DA´VILA
The energy of a q-dimensional regular distribution σ is defined in [8] (see also [6] and [18])
as the energy of the map σ : (M,g)→ (Gq(M), gK ). An equivalent definition for oriented
regular distributions, considered as sections of the bundle of unit decomposable q-vectors
equipped with the generalized Sasaki metric, is given in [4] and [7], among others. For an
arbitrary map σ : (M,g)→ (N,h) between Riemannian manifolds, M being compact and
oriented, the energy of σ is the integral
(1.1) E(σ) =
1
2
∫
M
traceLσ dvM ,
where Lσ is the (1, 1)-tensor field determined by (σ
∗h)(X,Y ) = g(LσX,Y ), for all vector
fields X,Y, and dvM denotes the volume form on (M,g). (For more information about
the energy functional see [14].) We are particularly interested on the energy functional of
smooth distributions whose set of singular points Ms =M \Mr is given by the union
(1.2) Ms = {x1, . . . , xa} ∪
( b⋃
β=1
Pβ
)
of a finite number of points x1, . . . , xa ofM and of pairwise disjoint topologically embedded
submanifolds Pβ, β = 1, . . . , b, with 1 ≤ dimPβ ≤ n− 1. In fact, the main purpose of this
paper is not the study of variational problems of this functional, but of the energy itself, of
smooth distributions and singular foliations, as a natural extension from the theory about
the energy of unit vector fields, with singularities as in (1.2), developed initially by Brito
and Walczak in [3] and, later, by Boeckx, Vanhecke and the author in [1]. Note that a
unit vector field with singularities determines an oriented one-dimensional almost regular
distribution.
In terms of G-structures, each regular qi-dimensional distribution σi, i = 1, . . . , l, co-
rresponds with a (unique) S(O(qi) × O(n − qi))-reduction of SO(M ir). Then, using the
intrinsic torsion ξ of each one of these S(O(qi) × O(n − qi))-structures, the energy E(σ)
of σ is expressed in Section 3 as
E(σ) =
n
2
Vol(M,g) +
1
4
∫
M
‖ξ‖2dvM .
If σ is completely integrable, the connected components of the maximal integral subma-
nifolds are the leaves of a foliation F = Fσ with singularities known as a Stefan foliation
or a singular foliation [13]. The energy E(F) of F is defined as the energy E(σ) of the
tangent distribution σ of F.
In Section 4, an useful integral formula for almost regular distributions, with finite ener-
gy and Mr connected, of its mixed scalar curvature and of its second mean curvatures is
obtained. This formula, which can be seen as a generalization the one given in [1], see also
[3], for unit vector fields with singularities, plays a central role for the determination of
some lower bounds of the energy of smooth distributions. Thus, in Section 5 we show that
tori are the unique compact oriented surfaces admitting a one-dimensional almost regular
distribution with finite energy, and for n ≥ 3, we derive a lower bound for the energy
in the set of all q-dimensional almost regular distributions, for each q = 1, . . . , n − 1. As
an application of this last result, we find in Section 6 some special classes of foliations,
as tubular and radial foliations around points or embedded submanifolds, particularly on
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compact rank one symmetric spaces, and complex radial foliations in Hermitian geometry,
that minimize the energy functional at least over a sufficiently wide set of smooth dis-
tributions. We show (Theorem 6.2) that radial and spherical foliations around points in
the sphere and also in the real projective space are the unique absolute minimizers of the
energy functional over the set of all one-dimensional and codimension one almost regular
distributions, respectively. Moreover, we construct a family of foliations, obtained by de-
formation of a tubular foliation, which are not almost regular and have finite energy even
when they are on surfaces different from tori.
2. Intrinsic torsion of smooth distributions
A distribution [12] on a differentiable manifold M is a mapping σ which assigns to every
x ∈ M a linear subspace σ(x) of the tangent space TxM. The subspaces σ(x) may have
different dimensions. Denote by Xloc(M) the set of all C
∞ vector fields defined on open
subsets of M. A vector field X ∈ Xloc(M) is said that belongs to the distribution σ, we
shall put X ∈ σ, if Xx ∈ σ(x) for every x in the domain of X and a subset D ⊂ Xloc(M)
is said to span σ if, for every x ∈ M, σ(x) is the linear hull of vectors Xx, where X ∈ D.
The distribution σ is then called a smooth or C∞ distribution. In particular, any finite
collection of vector fields determines a smooth distribution.
A point x ∈M will be a regular point if x is a local maximum of d or, equivalently, d is
constant on an open neighborhood of x. All the other points of M will be called singular
points of σ. Then M = Mr ∪Ms, where Mr and Ms denote the set of the regular and
singular points of σ, respectively. Mr is obviously an open dense subset of M.
Let πSO(n) : SO(Mr) → Mr be the principal SO(n)-bundle of oriented orthonor-
mal frames of (Mr, gMr), consisting on the pairs p = (x; p1, . . . , pn) where x ∈ Mr
and {p1, . . . , pn} is an oriented and orthonormal basis of (TxMr, gMr). Then, SO(Mr) =⋃l
i=1 SO(M
i
r) and Gqi(M
i
r), for each i = 1, . . . , l, can be identified with the orbit space
SO(M ir)/S(O(qi)×O(n− qi)), via the mapping p ·S(O(qi)×O(n− qi)) 7→ IR{p1, . . . , pqi}.
So Gqi(M
i
r) is a homogeneous fibre bundle [19] with fibre type the real Grassmannian
manifold Gqi(IR
n) = SO(n)/S(O(qi)×O(n− qi)) of the unoriented qi-subspaces of IRn.
Let ρ : SO(Mr) → G(Mr) be the map whose restriction to each SO(M ir) is the orbit
map p 7→ p · S(O(qi × O(n − qi)). Then πSO(n) = π ◦ρ and each section in Γ∞(GqiM ir)
determines a reduction SOσi(M
i
r) to S(O(qi)×O(n− qi)) of SO(M ir) and conversely.
Hence, there is a one-to-one correspondence between the set of S(O(qi) × O(n − qi))-
structures and the manifold Γ∞(Gqi(M
i
r)) of all qi-dimensional distributions of (M
i
r, gM ir ).
Moreover, the pair (Vi = σi,Hi = (σi)⊥), i = 1, . . . , l, where (σi)⊥ is the orthogonal
distribution of σi on (M ir, gM ir), determines a Riemannian almost-product (AP ) structure,
i.e., an orthogonal (1, 1)-tensor field P i on (M ir, gM ir) with (P
i)2 = Id and P i 6= ±Id. The
vertical and horizontal distributions Vi andHi are the corresponding±1-eigendistributions
of P i.
Denote by so(M ir)σi the subbundle of so(M
i
r) of the skew-symmetric endomorphisms A
of TM ir such that AP
i = −P iA. Following [8] (see also [9]), the minimal connection of
σi, considered as a S(O(qi) × O(n − qi))-structure, is the unique S(O(qi) × O(n − qi))-
connection ∇σi = ∇− ξi on M ir, where ∇ is the Levi-Civita connection of (M,g) and ξi,
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known as the intrinsic torsion of σi, is an element of T ∗M ir⊗so(M ir)σi . Then ∇σ
i
coincides
with the Schouten connection of the AP structure and ξi is given by
(2.3) (ξi)XY = −1
2
P i(∇XP i)Y, X, Y ∈ X(M ir).
Let (V,H) be the complementary (smooth) distributions on Mr obtained taking the
pairs (Vi,Hi) on each M ir, for i ∈ {1, . . . , l}, and let pV = 12 (Id + P ) : TMr → V and
pH =
1
2(Id−P ) : TMr → H be the canonical projections, where P denotes the (1, 1)-tensor
field on Mr associated to (V,H). The (1, 2)-tensor field ξ on Mr, defined by ξ(x) = ξ
i(x)
if x ∈ M ir, is called the intrinsic torsion of σ. Then ξX , for all X ∈ X(Mr), is a global
section of the vector bundle
so(Mr)σr =
l⋃
i=1
so(M ir)σi = {A ∈ so(Mr) | AP = −PA}.
Moreover, from (2.3), ξ is determined by
(2.4)
ξUV = pH(∇UV ), ξUX = pV(∇UX),
ξXU = pH(∇XU), ξXY = pV(∇XY ).
Here and in what follows U and V (resp., X and Y ) denote local vector fields of V (resp.,
of H).
A smooth distribution σ is said to be involutive if [σ, σ] ⊂ σ and completely integrable
if for every x ∈M there exists an integral submanifold L of σ such that x ∈ L. It follows
that if σ is completely integrable then it must be involutive. The converse may not hold
for the non-regular case (see [12]). The involutive condition is equivalent to be completely
integrable the maximal regular distribution σr.
The second fundamental forms (symmetric tensors) hV : V× V → H, hH : H ×H → V
and the integrability tensors (skew-symmetric tensors) AV : V×V→ H, AH : H×H → V
of σr are defined in terms of ξ by the following formulas:
hV(U, V ) =
1
2 (ξUV + ξV U), AV(U, V ) =
1
2(ξUV − ξV U),
hH(X,Y ) =
1
2 (ξXY + ξYX), AH(X,Y ) =
1
2(ξXY − ξYX).
Hence, AV(U, V ) =
1
2pH[U, V ] and AH(X,Y ) =
1
2pV[X,Y ] and so σr (resp., the orthogonal
distribution σ⊥r of σr) is completely integrable if and only if AV = 0 (resp., AH = 0). The
distribution σr (resp., σ
⊥
r ) is said to be geodesic if hV = 0 (resp., hH = 0). It means that
all geodesics on Mr with initial vector in V (resp., H) remain in V (resp., H) for all time.
The distribution σr (resp., σ
⊥
r ) is said to be Riemannian if σr (resp., σ
⊥
r ) is integrable and
σ⊥r (resp., σr) is geodesic. If moreover, σ⊥r (resp., σr) is integrable, we say that σr (resp.,
σ⊥r ) is a polar distribution.
Consider the mean curvature vector fields HV ∈ H and HH ∈ V of σr given by HV =
trace hV and HH = trace hH. Then they are locally expressed on each M
i
r as
HV =
qi∑
a=1
ξEaEa, HH =
n−qi∑
j=1
ξEqi+jEqi+j ,
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where {E1, . . . , Eqi ;Eqi+1, . . . , En} is a local orthonormal frame on (M ir, gM ir ) adapted to
(Vi,Hi). If HV (resp., HH) vanishes the distribution σr (resp., σ
⊥
r ) is said to be minimal.
In the sequel, the following convention for indices is used: a, b, · · · ∈ {1, . . . , qi} and
j, k, · · · ∈ {1, . . . , n − qi}, for i ∈ {1, . . . , l}.
The second mean curvatures µV and µH are locally defined as
µV =
∑
j
∑
a<b
(ξjaaξ
j
bb − ξjabξjba), µH =
∑
a
∑
j<k
(ξajjξ
a
kk − ξajkξakj),
where ξjab = g(ξEaEb, Eq+j) and ξ
a
jk = g(ξEq+jEq+k, Ea). Then,
(2.5) 2µV = ‖HV‖2 + ‖AV‖2 − ‖hV‖2, 2µH = ‖HH‖2 + ‖AH‖2 − ‖hH‖2.
The maximal regular distribution σr (resp., σ
⊥
r ) is said to be umbilical if each σ
i (resp.,
(σi)⊥) is umbilical, that is, if hVi =
g
Mir
(·,·)
qi
HVi , (resp., hHi =
g
Mir
(·,·)
n−qi HHi), or equivalently
ξjab = −ξjba and ξjaa = ξjbb, for all a 6= b (resp., ξajk = −ξakj and ξajj = ξakk, for all j 6= k).
Remark 2.1. If σr (resp., σ
⊥
r ) is umbilical then µV ≥ 0 (resp., µH ≥ 0).Moreover, µVi = 0
(resp., µHi = 0) if and only if σ
i (resp., (σi)⊥) is integrable and geodesic.
3. Energy of smooth distributions
The Kaluza Klein metric gK relative to (gMr , 〈·, ·〉) on the Grassmannian bundle G(Mr),
where 〈·, ·〉 is the inner product 〈X,Y 〉 = −12 traceXY on so(n), is defined as follows (see
[8], [9] and [19] for more information): Let TG(Mr) = V⊕H, where
V = Ker π∗ = ρ∗(Ker(πSO(n))∗), H = ρ∗(Ker ω)
and ω is the so(n)-valued connection form of the Levi-Civita connection on SO(Mr).
Because ρ∗pB∗p = 0, for all p ∈ SO(M ir) and B ∈ so(qi)⊕ so(n − qi), the elements of Vρ(p)
may be written as ρ∗pA∗p, for some A belonging to the 〈·, ·〉-orthogonal complement mi of
so(qi) ⊕ so(n − qi) in so(n), A∗ being its fundamental vector field on SO(Mr). Consider
the vector bundle SO(Mr)ρ given by the union
SO(Mr)ρ =
l⋃
i=1
(SO(M ir)×S(O(qi)×SO(n−qi)) mi)
of associated bundles to ρ|SO(M ir). The map ι : V→ SO(Mr)ρ, ρ∗pA∗p 7→ [(p,A)], is a vector
bundle isomorphism and it may be extended to a type of connection map K : TG(Mr)→
SO(Mr)ρ by saying that K(η) = 0, for all η ∈ H, and K(η) = ι(η) if η ∈ V. The Kaluza-
Klein metric gK on G(Mr) is then determined by
(3.6) gK(η1, η2) = gMr(π∗η1, π∗η2) + 〈K(η1),K(η2)〉,
where 〈·, ·〉 also denotes the fibre metric induced by 〈·, ·〉 restricted to each mi. Given a
smooth distribution σ on M, the pullback bundle π∗so(Mr)σr by π of so(Mr)σr is iso-
morphic to SO(Mr)ρ (see [9, Remark 3.2]) and a nice property (see proof of [9, Theorem
3.3]) relating K with the intrinsic torsion establishes that
K(σr∗xXx) = (σr(x), ξXx) ∈ π∗so(Mr)σr .
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Then, using (3.6), the pull-back metric σ∗rgK on Mr is given by
(σ∗rg
K)(X,Y ) = gMr(X,Y )−
1
2
trace ξX ◦ ξY , X, Y ∈ X(Mr).
Hence, the tensor field Lσr on Mr can be expressed as Lσr = Id +
1
2ξ
t
◦ ξ, where ξ is
considered as the map ξ : X(Mr) → Γ∞(so(Mr)σr ), ξ(X) = ξX for all X ∈ X(Mr), and
ξt : Γ∞(so(Mr)σr) → X(Mr) is the adjoint operator of ξ with respect to gMr , that is,
gMr(ξ
t(ϕ),X) = gMr(ϕ, ξ(X)) for all ϕ ∈ Γ∞(so(Mr)σr). Then,
(3.7) traceLσr = n+
1
2
‖ξ‖2.
Given the set of singular points Ms of σ as in (1.2), we put ~ε = (ε1, . . . , εa; ε¯1, . . . , ε¯b) ∈
IR
a+b, where εα, ε¯β > 0 and α = 1, . . . , a; β = 1, . . . , b. Then, for sufficiently small εα,
ε¯β > 0, the subset M(Ms, ~ε) of Mr defined as
M(Ms, ~ε) =M \
( a⋃
α=1
B(xα, εα) ∪
b⋃
β=1
T (Pβ , ε¯β)
)
,
where B(xα, εα) denotes the geodesic ball of radius εα and center at xα and T (Pβ , ε¯β), the
tube of radius ε¯β about Pβ , is an n-dimensional smooth compact manifold. Its boundary
∂M(Ms, ~ε) is given by the disjoint union
(3.8) ∂M(Ms, ~ε) =
a⋃
α=1
S(xα, εα) ∪
b⋃
β=1
Pβ(ε¯β),
where S(xα, εα) is the geodesic sphere on M of radius εα and center at xα and Pβ(ε¯β) is
the tubular hypersurface about Pβ at a distance ε¯β from Pβ .
The energy E(σ) of the distribution σ on M is defined as the limit
E(σ) = lim
~ε→~0
EM(Ms,~ε)(σr),
where EM(Ms,~ε)(σr) is the energy of the mapping σr ◦ ι : (M(Ms, ~ε), ι
∗gMr)→ (G(Mr), gK),
ι being the inclusion of M(Ms, ~ε) into Mr. Note that E(σ) may be infinite. From (1.1)
and (3.7), we have
EM(Ms,~ε)(σr) =
n
2
Vol(M(Ms, ~ε)) +
1
4
∫
M(Ms,~ε)
‖ξ‖2dvM(Ms,~ε).
For an arbitrary almost continuous function f : Mr → IR on Mr, we establishes that∫
M
fdvM = lim
~ε→~0
∫
M(Ms,~ε)
fdvM(Ms,~ε),
if the limit exists. Therefore, the energy E(σ) of σ takes the form
E(σ) =
n
2
Vol(M,g) +
1
4
∫
M
‖ξ‖2dvM .
The relevant part of this formula,
B(σ) =
1
4
∫
M
‖ξ‖2dvM ,
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will be called the total bending of the distribution. Because ‖ξ‖2 ≥ 0, B(σ) is well-defined
(may be infinite) and it is zero if and only if ξ vanishes on whole Mr or, equivalently,
the distributions σr and σ
⊥
r are both geodesic and integrable. Note that EM(Ms,~ε)(σr) =
EM(Ms,~ε)(σ
⊥
r ) and so E(σ) can be also given by E(σ) = lim~ε→~0 EM(Ms,~ε)(σ
⊥
r ).
Let ΣV and ΣH be the smooth functions on Mr, locally defined on the domain in M
i
r,
for i = 1, . . . , l, of a (Vi,Hi)-adapted frame {Ea;Eqi+j}, as
ΣV =
∑
a,b;j
(ξjab)
2, ΣH =
∑
a;jk
(ξajk)
2.
Then, from (2.4), we have ‖ξ‖2 = 2(ΣV +ΣH). Hence,
(3.9) B(σ) =
∑
i
(BV(σi) +BH(σi)),
where,
BV(σi) =
1
2
∫
M¯ ir
ΣVdvM¯ ir
, BH(σi) =
1
2
∫
M¯ ir
ΣHdvM¯ ir
and M¯ ir is the closure of M
i
r.
Lemma 3.1. If qi ≥ 2, then
(3.10) BV(σi) ≥ 1
qi − 1
∫
M¯ ir
µVi dvM¯ ir
and, if n− qi ≥ 2, then
(3.11) BH(σi) ≥ 1
n− qi − 1
∫
M¯ ir
µHi dvM¯ ir .
Moreover, the equality in (3.10) (resp., in (3.11)) holds if and only if
(a) for qi = 2 (resp., n− qi = 2), σi (resp., (σi)⊥) is umbilical;
(b) for qi ≥ 3 (resp., n− qi ≥ 3), σi (resp., (σi)⊥) is umbilical and integrable.
Proof. For each j = 1, . . . , n− qi, observe that∑
a<b(ξ
j
aa − ξjbb)2 = (qi − 1)
∑
a(ξ
j
aa)2 − 2
∑
a<b ξ
j
aaξ
j
bb,∑
a<b(ξ
j
ab + ξ
j
ba)
2 =
∑
a6=b(ξ
j
ab)
2 + 2
∑
a<b ξ
j
abξ
j
ba.
Then, summing these two equations and using that∑
a,b
(ξjab)
2 =
∑
a
(ξjaa)
2 +
∑
a6=b
(ξjab)
2,
we obtain, for qi ≥ 2, that∑
a,b
(ξjab)
2 = 1qi−1
{∑
a<b
(ξjaa − ξjbb)2 +
∑
a<b
(ξjab + ξ
j
ba)
2
+(qi − 2)
∑
a6=b
(ξjab)
2 + 2
∑
a<b
(ξjaaξ
j
bb − ξjabξjba)
}
.
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In similar way, for n− qi ≥ 2 and for each a = 1, . . . , qi,∑
j,k
(ξajk)
2 = 1n−qi−1
{∑
j<k
(ξajj − ξakk)2 +
∑
j<k
(ξajk + ξ
a
kj)
2
+(n− qi − 2)
∑
j 6=k
(ξajk)
2 + 2
∑
j<k
(ξajjξ
a
kk − ξajkξakj)
}
.
Then, we get the lemma. 
Hence, using (3.9), we prove the following result.
Proposition 3.2. If n ≥ 3, then
(3.12) B(σ) ≥
l∑
i=1
∫
M¯ ir
( µVi
qi − 1 +
µHi
n− qi − 1
)
dvM¯ ir .
The equality holds if and only if the distributions σi (resp., (σi)⊥), for i = 1, . . . , l, are:
(i) geodesic, if qi = 1 (resp., qi = n− 1);
(ii) umbilical, if qi = 2 (resp., qi = n− 2);
(iii) umbilical and integrable, if 3 ≤ qi ≤ n− 1 (resp., n− qi ≥ 3).
Remark 3.3. If qi = 1 (resp., qi = n−1) then µVi = 0 (resp., µHi = 0). In formula (3.12)
and for this case, the quotient µVi/(qi−1) (resp., µHi/(n− qi−1)) is supposed to be zero.
4. An integral formula for almost regular distributions
The mixed scalar curvature smix(σ) of a smooth distribution σ is the function on the
set Mr = ∪li=1M ir ⊂M of its regular points, locally defined on each M ir by
smix(σ) =
∑
a;j
gM ir(REaEqi+jEa, Eq+j),
where {Ea;Eqi+j} is an adapted local orthonormal frame of (Vi,Hi) on (M ir, gM ir) and R is
the Riemannian curvature tensor taken with the sign convention RXY = ∇[X,Y ]−[∇X ,∇Y ],
for all X,Y ∈ X(M). In particular, if σ is an one-dimensional (resp., a codimension one)
almost regular distribution, the mixed scalar curvature is locally expressed as Ric(V, V ),
where V is a local unit vector field belonging to V (resp., to H) and Ric is the Ricci tensor
of (M,g). In [16] it is proved the formula
smix(σ) = div(HV +HH) + ‖HV‖2 + ‖HH‖2 + ‖AV‖2 + ‖AH‖2 − ‖hV‖2 − ‖hH‖2,
which, from (2.5), can be written as
(4.13) smix(σ) = div(HV +HH) + 2(µV + µH).
In what follows, we shall suppose that Ms, given as in (1.2), satisfies the additional
condition that dimPβ ≤ n − 2 for each β = 1, . . . , b. (We again note that Ms may be
empty). From the next lemma, this implies that σ must be almost regular.
We say that σ is trivial if it is an n-dimensional almost regular distribution. Note that
the total bending of a trivial distribution is zero.
Lemma 4.1. If dimPβ ≤ n− 2 for all β ∈ {1, . . . , b}, then Mr is connected. Moreover, if
σ is not a trivial distribution, the converse holds.
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Proof. Suppose that Mr is not connected. Then there exist two disjoint nonempty open
subsets M ′r and M ′′r such that Mr = M ′r ∪M ′′r . Because Mr is dense in M, we have that
M = M¯ ′r ∪ M¯ ′′r and, from the connectedness of M, it follows that the intersection of their
frontiers, Fr(M ′r) ∩ Fr(M ′′r ), is nonempty. Since Fr(M ′r) ∩ Fr(M ′′r ) is a subset of Ms, each
one of its connected components is a regular submanifold P (may be a point) of M. Let
(U, ϕ = (x1, . . . , xn)) be a sufficiently small coordinate neighborhood adapted to P. Then,
U ∩ P = U ∩ (Fr(M ′r) ∩ Fr(M ′′r )) and it is a k-dimensional slice for some k ≤ n− 1. Now,
taking into account that U∩M ′r and U∩M ′′r are non-empty open subsets in U, k must be
equals to n− 1 and so, dimP = n− 1. This contradicts the hypothesis of the lemma.
For the converse, suppose that Mr is connected and dimPβ = n − 1, for some β ∈
{1, . . . , b}. Then d takes the value n on whole Mr and so σ must be trivial. 
Remark 4.2. If dimPβ = n − 1, for some β ∈ {1, . . . , b}, then there exist connected
components of Mr where d is constant equals to n. From Lemma 4.1, any non-almost
regular distribution satisfies this condition.
Next, we prove the following integral formula, which extends the one given in [1, Lemma
2.6] for unit vectors with singularities.
Theorem 4.3. If B(σ) <∞, then
(4.14)
∫
M
smix(σ) dvM = 2
∫
M
(µV + µH) dvM .
For the proof, we first need the following lemmas.
Lemma 4.4. [1, Lemma 2.4] Let f : Mr → [0,∞[ be an almost continous function on Mr
and suppose that
(i) there exists a point x ∈Ms such that
lim inf
r→0+
∫
S(x,r)
f dvS(x,r) > 0 or,
(ii) there exists an embedded submanifold P ⊂Ms, dimP ≤ n− 2, such that
lim inf
r→0+
∫
P (r)
f dvP (r) > 0,
then ∫
M
f2 dvM =∞.
Lemma 4.5. There exists a constant Cn, which only depends on n, such that
‖HV +HH‖ ≤ Cn‖ξ‖.
Proof. Taking a (Vi,Hi)-adapted local orthonormal frame {Ea;Eqi+j} in each open subset
M ir, one gets
‖HV +HH‖2 = ‖HV‖2 + ‖HH‖2 =
∑
j
(∑
a(ξ
j
aa)2 + 2
∑
a<b ξ
j
aaξ
j
bb
)
+
∑
a
(∑
j(ξ
a
jj)
2 + 2
∑
j<k ξ
a
jjξ
a
kk
)
.
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Hence, because ‖ξ‖2 = 2(ΣV +ΣH),
‖ξ‖2 − ‖HV +HH‖2 = (2ΣV − ‖HV‖2) + (2ΣH − ‖HH‖2)
=
∑
j
(∑
a(ξ
j
aa)2 + 2
∑
a6=b(ξ
j
ab)
2 − 2∑a<b ξjaaξjbb)
+
∑
a
(∑
j(ξ
a
jj)
2 + 2
∑
j 6=k(ξ
a
jk)
2 − 2∑j<k ξajjξakk).
Then,
(qi + 1)ΣV − ‖HV‖2 = (qi − 1)ΣV + (2ΣV − ‖HV‖2)
=
∑
j
(∑
a<b(ξ
j
aa − ξjbb)2 + 2
∑
a<b ξ
j
aaξ
j
bb + (qi − 1)
∑
a6=b(ξ
j
ab)
2
)
+
∑
j
(∑
a(ξ
j
aa)2 + 2
∑
a6=b(ξ
j
ab)
2 − 2∑a<b ξjaaξjbb)
=
∑
j
(∑
a<b(ξ
j
aa − ξjbb)2 + (qi + 1)
∑
a6=b(ξ
j
ab)
2 +
∑
a(ξ
j
aa)2
)
≥ 0.
In the same way, we get
(n− qi + 1)ΣH − ‖HH‖2 =
∑
a
(∑
j<k(ξ
a
jj − ξakk)2
+(n− qi + 1)
∑
j 6=k(ξ
a
jk)
2 +
∑
a(ξ
a
jj)
2
)
≥ 0.
Therefore, we have proved on M ir that
(qi+1)(n−qi+1)
2 ‖ξ‖2 −‖HV +HH‖2 ≥ 0. Because the
function f(x) = (x+1)(n−x+1)2 has a maximum at x =
n
2 , the inequality
(n+2)2
8 ‖ξ‖2−‖HV+
HH‖2 ≥ 0 holds on whole Mr. Thus, taking Cn = (n+2)
√
2
4 , the lemma is proved. 
Proof of Theorem 4.3. Denote by N the unit outward normal vector field to ∂M(Ms, ~ε).
Then, from (4.13) and the divergence theorem, we obtain∣∣∣∫M(Ms,~ε)(smix − 2(µV + µH)) dvM(Ms,~ε)
∣∣∣ ≤ ∫∂M(Ms,~ε) |g(HV +HH, N)| dv∂M(Ms,~ε)
≤ ∫∂M(Ms,~ε) ‖HV +HH‖ dv∂M(Ms,~ε).
Hence, using Lemma 4.5, it follows that∣∣∣∫M(Ms,~ε)(smix − 2(µV + µH)) dvM(Ms,~ε)
∣∣∣ ≤ Cn ∫∂M(Ms,~ε) ‖ξ‖ dv∂M(Ms,~ε)
= Cn
(∑a
α=1
∫
S(xα,εα)
‖ξ ‖dvS(xα,εα) +
∑b
β=1
∫
Pβ(ε¯β)
‖ξ‖ dvPβ(ε¯β)
)
.
Now, putting f = ‖ξ‖ in Lemma 4.4, we have
lim inf
rα→0+
∫
S(xα,εα)
‖ξ‖ dvS(xα,εα) = lim inf
r¯β→0+
∫
Pβ(ε¯β)
‖ξ‖ dvPβ(ε¯β) = 0,
for α = 1, . . . , a, β = 1, . . . , b. This implies that the integral
∫
M (µV + µH) dvM converges
and the result follows.
Remark 4.6. For codimension one almost regular distributions on a compact Einstein
manifold (M,g), the integral equation (4.14) takes the form
(4.15)
∫
M
µVdvM =
τ
2n
Vol(M,g),
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where τ is the scalar curvature of (M,g). In [1, Remark 3.5] it is proved that the total
bending of the orthogonal distribution to the radial vector field around a point in the
complex projective space CPm(λ) is infinite and that (4.15) is not satisfied. Hence, the
assumption B(σ) <∞ in Theorem 4.3 can not be omitted.
5. The energy functional of almost regular distributions
Let σ be a q-dimensional almost regular distribution on an n-dimensional compact
Riemannian manifold (M,g). Suppose, as in previous section, that the set of singular
points Ms of σ is of the form (1.2) and dimPβ ≤ n − 2 for each β = 1, . . . , b. Next, we
extend, using Theorem 4.3, some results about the total bending of unit vector fields with
singularities given in [1] and [3]. For the two-dimensional case, we have:
Theorem 5.1. Tori are the unique compact oriented surfaces in IR3 admitting an one-
dimensional almost regular distribution σ, with a finite set of singular points, which may
be empty, such that B(σ) <∞.
Proof. Since the mixed curvature of σ on a surface M coincides with the restriction of its
Gauss curvature K to Mr, it follows from Theorem 4.3 that∫
M
K dvM = 0.
Then, from the Gauss-Bonnet Theorem and the classification of oriented compact surfaces,
M has to be a torus. For the converse, consider the rotational torus T 2 in IR3 given by
T 2 = {(x, y, z) = ((R + r cos θ) cosϕ, (R + r cos θ) sinϕ, r sin θ)}, 0 < r < R.
The level sets of the (isoparametric) function f : T 2 → IR, f(x, y, z) = z, determine a
regular (Riemannian) foliation F. A local orthonormal frame adapted to the corresponding
tangent distribution σ of F is given by the vector fields E1 =
1
(R+r cos θ)
∂
∂ϕ , E2 =
1
r
∂
∂θ . Since
[E1, E2] = − sin θR+r cos θE1, the Koszul formula implies that ξ211 = sin θR+r cos θ and ξ122 = 0. Hence,
B(σ) =
1
2
∫ 2π
0
(∫ 2π
0
sin2 θ
(R + r cos θ)2
dθ
)
dϕ ≤ 2
(
π
R− r
)2
<∞.

For n ≥ 3, we extend the results in [1, Theorem 2.2] and in [3, Theorem 1].
Theorem 5.2. Let σ be a q-dimensional almost regular distribution on an n-dimensional,
n ≥ 3, compact Riemannian manifold (M,g). We have the following cases:
(I) If q = 1 (resp., n− q = 1), then
(5.16) B(σ) ≥ 1
2(n − 2)
∫
M
smix(σ) dvM .
The equality holds if and only if one of the following conditions is satisfied:
(i) if n = 3, σr (resp., σ
⊥
r ) is geodesic and σ
⊥
r (resp., σr) is umbilical.
(ii) if n ≥ 4, σ⊥r (resp., σr) defines an umbilical Riemannian foliation on Mr.
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(II) If q = n2 , then
B(σ) ≥ 1
n− 2
∫
M
smix(σ) dvM .
The equality holds if and only if one of the following conditions is satisfied:
(i) if q = 2 (n = 4), σr and σ
⊥
r are umbilical distributions.
(ii) if q ≥ 3, σr and σ⊥r define umbilical foliations on Mr.
(III) If 1 < q < n2 (n ≥ 5) and σr is an umbilical distribution (resp., n2 < q < n− 1 and
σ⊥r umbilical), then
B(σ) ≥ 1
2(n − q − 1)
∫
M
smix(σ) dvM (resp., B(σ) ≥ 1
2(q − 1)
∫
M
smix(σ) dvM ).
The equality holds if and only if σ⊥r (resp., σr) defines an umbilical polar foliation
on Mr.
Proof. We can suppose that B(σ) < ∞ because if B(σ) = ∞, there is nothing to prove.
Moreover, from (3.12), one gets
(5.17) B(σ) ≥
∫
M
( µV
q − 1 +
µH
n− q − 1
)
dvM .
If q = 1 then µV = 0. Hence, (5.17) and Theorem 4.3 imply that
B(σ) ≥ 1
n− 2
∫
M
µH dvM =
1
2(n − 2)
∫
M
smix(σ) dvM .
From Proposition 3.2, we get (i) and (ii) in (I). In similar way, for q = n−1 is also proved.
If q = n2 , the inequality (5.17) together Theorem 4.3 imply that
B(σ) ≥ 1
q − 1
∫
M
(µV + µH)dvM =
1
n− 2
∫
M
smix(σ) dvM .
Moreover, applying Proposition 3.2, the case (II) follows.
Finally, suppose that 1 < q < n2 and σr is an umbilical distribution. Then, from Remark
2.1, (5.17) and Theorem 4.3, we obtain
B(σ) ≥ 1
n− q − 1
∫
M
(µV + µH) dvM +
n− 2q
(q − 1)(n − q − 1)
∫
M
µV dvM
≥ 1
n− q − 1
∫
M
(µV + µH) dvM =
1
2(n− q − 1)
∫
M
smix(σ) dvM .
For the equality in this expression, we use again Remark 2.1 and Proposition 3.2. This
proves (III). For the case n2 < q < n− 1 and σ⊥r umbilical we use similar arguments. 
For one-dimensional or codimension one almost regular distributions on compact Ein-
stein manifolds, the inequality (5.16) may also written as
B(σ) ≥ τ
2n(n− 2)Vol(M,g).
In [5] it is proved that if an irreducible symmetric space M admits a totally umbilical
hypersurface N then both M and N are of constant curvature. Moreover, there is no
totally umbilical submanifold of codimension less than rank M − 1. Hence, Theorem 5.2
leads to the following corollary:
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Corollary 5.3. Let (M,g) be an n-dimensional compact, irreducible symmetric space
equipped with a q-dimensional almost regular distribution σ. Then, we have:
(i) If q = 1 or q = n− 1, n ≥ 4 and (M,g) has nonconstant sectional curvature,
B(σ) >
τ
2n(n − 2)Vol(M,g).
(ii) If n = 2q ≥ 6 and rankM > q + 1,
B(σ) >
1
n− 2
∫
M
smix(σ) dvM .
Euclidean spheres, together projective spaces KPm, where K = IR, C or H, and the
Cayley plane CaP 2, are all the compact rank one symmetric spaces. Denote by Sn(λ)
and IRPm(λ) the sphere and the real projective space of constant curvature λ, by CPm(λ)
the complex projective space with constant holomorphic sectional curvature c = 4λ, by
HPm(λ) the quaternionic projective space with constant quaternionic sectional curvature
c = 4λ and by CaP 2(λ) the Cayley plane with constant Cayley sectional curvature c = 4λ.
We denote by J or J1 the complex structure if K = C, and by {J1, . . . Jν} (a local basis of)
the quaternionic Ka¨hler structure or the Cayley structure, depending on wether K = H
and ν = 3 or K = Ca and ν = 7.
A distribution σ on KPm(λ), K 6= IR, is said to be invariant if JsV ⊂ V, for all
s = 1, . . . , ν. Then also JsH ⊂ H and, for each i = 1, . . . , l, dimVi = (ν + 1)κi, for some
κi ≤ m.
Corollary 5.4. Let σ be an invariant q-dimensional almost regular distribution on a
compact projective space (M,g) = KPm(λ), K 6= IR. We have:
(I) If q = n2 , then
B(σ) ≥ q
2
n− 2λVol(KP
m(λ)).
The equality holds if and only if one of the conditions is satisfied:
(i) if (M,g) = CP 2(λ), σr and σ
⊥
r are umbilical distributions.
(ii) if q ≥ 3, σr and σ⊥r define umbilical foliations on Mr.
(II) If 1 < q < n2 (n ≥ 5) and σr is an umbilical distribution (resp., n2 < q < n− 1 and
σ⊥r umbilical), then
B(σ) ≥ q(n− q)
2(n − q − 1)λVol(KP
m(λ)) (resp., B(σ) ≥ q(n− q)
2(q − 1)λVol(KP
m(λ))).
The equality holds if and only if σ⊥r (resp., σr) defines an umbilical polar foliation
on Mr.
Proof. The Jacobi operator Ru on KP
m(λ), K 6= IR, defined by Ru = Ru·u for a unit
vector u, satisfies [15]
RuJsu = 4λJsu, RuX = λX, X ∈ {u, Jsu}⊥,
for s = 1, . . . , ν. Then, taking an adapted local orthonormal frame of the pair (V,H)
associated to σ on KPm(λ) as
{V1, . . . , Vκ, J1V1, . . . , J1Vk, . . . , JνV1, . . . , JνVκ; Eq+j, j = 1, . . . , n− q},
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where q = (ν + 1)κ, the mixed scalar curvature smix(σ) of σ is given by
smix(σ) =
n−q∑
j=1
κ∑
a=1
(
g(RVaEq+j , Eq+j) +
ν∑
s=1
g(RJsVaEq+j , Eq+j)
)
= q(n− q)λ.
Now, the result follows from Theorem 5.2. 
6. Energy of some special classes of foliations
A foliation F = Fσ on a Riemannian manifold (M,g), determined by a completely in-
tegrable smooth distribution σ, is said to be Riemannian if it is a transnormal system, that
is, every geodesic that is orthogonal to one leaf remains orthogonal to all the leaves that it
intersects [11]. Then, the vertical distribution V is Riemannian. In the subsection 6.3, we
shall give a family of examples of non Riemannian foliations whose tangent distributions
over their regular points are Riemannian. If (M,g) is complete, the transnormal condition
implies that the leaves are equidistant to each other.
6.1. Tubular and radial foliations. We focus on compact (connected) Riemannian
manifolds (M,g) equipped with a codimension one Riemannian foliation F which contains
at least one singular leaf P embedded in M (P may be a point). In terms of the first
conjugate locus Conj(P ) along geodesics orthogonal to P, Bolton [2] shows that there are
two possibilities for F :
Case I: Conj(P ) = P holds, then P is the unique singular leaf, every orthogonal geodesic
to P return to (possibly a different point of) P in a constant distance 2µ, and M
is diffeomorphic to the closed tube T¯ (P, µ) := T (P, µ) ∪ P (µ). The regular leaves
are tubes around P, or geodesic spheres if P is a point.
Case II: If Conj(P ) 6= P and d(P,Conj(P )) = µ then P and Conj(P ) = P (µ) are the singu-
lar leaves and M is diffeomorphic to T¯ (P, µ2 ) ∪ T¯ (Conj(P ), µ2 ), or more generally,
to T¯ (P, µ2 + ν) ∪ T¯ (Conj(P ), µ2 − ν), for each ν ∈] − µ2 , µ2 [. Each regular leaf is a
tube, or a geodesic sphere, around P or around Conj(P ).
We say that F is a tubular foliation around P (or a spherical foliation around a point x,
if P = {x}) and it will be denoted by TP (or by Ex.) Note that for Case II, one gets
TP = TConj(P ). Miyaoka [10] proves that there exists a transnormal function f : M → IR
such that the connected components of the level sets f−1(t) are precisely the leaves of TP .
Concretely, on T (P, µ), f is given by
(6.18) f(x) = cos
π
µ
r(x),
where r is the distance function r = d(P, ·). In both cases, the tube T (P, µ) covers M
except for the second focal variety corresponding to the minimum value −1 of f and the
tubes P (r), 0 < r < µ, are all the regular leaves of TP .
From [17, Lemma 1], the gradient ∇f of f determines a one-dimensional and totally
geodesic almost regular foliation RP orthogonal to TP , called the radial foliation around
P. Its singular leaves are then the points of P and of Conj(P ). From (6.18), one gets
(6.19) ∇f = −π
µ
(sin
π
µ
r)∇r
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on T (P, µ)) \ P. As a direct consequence of Gauss lemma, ∇r is the outward radial unit
vector field orthogonal to regular leaves of TP . Denote by S the shape operator (with
respect to ∇r) of the regular leaves {P (r)}0<r<µ of TP and by αa, a = 1, . . . , n− 1, their
eigenvalue functions.
Proposition 6.1. The tubular and radial foliations TP and RP around an embedded sub-
manifold P and the radial vector field ∇r on T (P, µ) \ P have the same total bending and
it is given by
(6.20) B(TP ) = B(RP ) =
1
2
n−1∑
a=1
∫ µ
0
( ∫
P (r)
α2a dvP (r)
)
dr.
Proof. Taking local orthonormal frames {E1, . . . , En−1;En = ∇r}, where E1, . . . , En−1
are eigenvectors of S, one directly obtains that ‖ξ‖2 = 2∑n−1a=1 α2a on T (P, µ)) \ P. Hence,
using the Fubini’s theorem, we obtain (6.20). 
From Proposition 6.1 and in accordance with [1], the list of all isoparametric radial
foliations on compact rank one symmetric spaces around points or around totally geodesic
submanifolds are given in Table 1, where their singular leaves and focal varieties, together
with the explicit expressions for their total bendings, are determined. For these Riemann-
ian foliations, the functions αa on each tube P (r) are constant, so they only depend on r,
and formula (6.20) reduces to
B(RP ) =
1
2
n−1∑
a=1
∫ µ
0
AMP (r)α
2
a(r)dr,
where AMP (r) denotes the (n − 1)-dimensional volume of the tubular hypersurface P (r).
All geodesics in KPm(λ) are periodic with the same length l = π/
√
λ. Because radial
foliations in Table 1 are all Case II, we have that µ = π/2
√
λ, except for:
(i) radial foliations around a point x in IRPm(λ). Its focal variety is the regular
leaf, known as exceptional, isometric to IRPm−1(λ). Then, µ also takes the va-
lues π/2
√
λ.
(ii) radial foliations around IRPm(λ) (resp., CPm(λ)) embedded as totally geodesic
submanifold of CPm(λ) (resp., HPm(λ)). The geodesics orthogonal to these sub-
manifolds cut them in two points at a distance π/2
√
λ and so µ = π/4
√
λ.
Theorem 6.2. The radial foliation Rx (resp., the spherical foliation Ex) around a point
x on (M,g) = Sn(λ) or (M,g) = IRPn(λ), for n ≥ 3, is an absolute minimum for the
energy functional on the set of all one-dimensional (resp., codimension one) almost regular
distributions and its total bending is given by
B(Rx) = B(Ex) =
(n− 1)
2(n− 2)λVol(M,g).
Moreover, for n ≥ 4, tangent distributions to radial (resp., spherical) foliations around
points are the only one-dimensional (resp., codimension one) almost regular distributions
to minimize the energy.
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Table 1. Total bending of isoparametric radial foliations on compact rank one sym-
metric spaces around points or totally geodesic submanifolds
(M, g) Focal varieties Singular leaves B(RP )/Vol(M, g)
Sm(λ) {x}, {−x} {x}, {−x} m−1
2(m−2)
λ
(m > 3) Sm−1(λ), {x,−x} {x}, {−x} m−1
2(m−2)
λ
Sm−p−1(λ), Sq(λ) Sm−p−1(λ), Sq(λ) (m−1)[4δ
2
−(m−1)2+4]
2[4δ2−(m−3)2]
λ
(1 < p < m− 2)
Sm−2(λ), S1(λ) Sm−2(λ), S1(λ) ∞
IRPm(λ) IRPm−1(λ), {x} {x} m−1
2(m−2)
λ
(m > 3) IRPm−p−1(λ), IRP p(λ) IRPm−q−1(λ), IRP q(λ) (m−1)[4δ
2
−(m−1)2+4]
2[4δ2−(m−3)2]
λ
(1 < p < m− 2)
IRPm−2(λ), IRP 1(λ) IRPm−2(λ), IRP 1(λ) ∞
CPm(λ) CPm−1(λ), {x} CPm−1(λ), {x} ∞
(m > 2)
CPm−p−1(λ), CP p(λ) CPm−p−1(λ), CP p(λ) (m−1)[4δ
2
−(m2+1)]
4δ2−(m−1)2
λ
(1 ≤ p ≤ m− 2)
IRPm(λ), Q IRPm(λ) ∞
HPm(λ) HPm−1(λ), {x} HPm−1(λ), {x} 6m2−5m+2
2m−1
λ
HPm−p−1(λ), HP p(λ) HPm−p−1(λ), HP p(λ) 8(m−1)δ
2
−m(2m2+1)
4δ2−m2
λ
(1 ≤ p ≤ m− 2)
CPm(λ), Q˜ CPm(λ) 10m
2
−6m−1
m−1
λ
(m > 2)
Ca P 2(λ) {x}, L {x}, L 139
21
λ
δ = ((m− 1)/2) − p. Q (resp., Q˜) is the tube around IRPm(λ) (resp., CPm(λ)) in CPm(λ) (resp.,
HPm(λ)) of radius pi/4
√
λ.
Proof. On Riemannian manifolds of constant curvature λ, the mixed scalar curvature
smix(σ) of any q-dimensional almost regular distribution σ is given by smix(σ) = q(n−q)λ.
Because the geodesic spheres around points on Sn(λ) or on IRPn(λ) are totally umbilical
hypersurfaces, the first part of the theorem follows directly from Theorem 5.2 (I). For
the last part, we use that the foliation whose leaves are round spheres at a constant
geodesic distance is the unique codimension one foliation in Sn(λ) which is Riemannian
and totally umbilical. Since IRPn(λ) is obtained from Sn(λ) by identifying antipodal
points, with Riemannian metric such that the two-fold covering map π˜ : Sn(λ)→ IRPn(λ)
is a Riemannian submersion, the same result holds for IRPm(λ). 
6.2. Complex radial foliations. Let TP be a tubular foliation around an embedded
submanifold P (P may be a point) in an almost Hermitian manifold (M,g, J). The subset
of vector fields {∇f, J∇f}, where f is defined as in (6.18), spans a two-dimensional almost
regular invariant distribution called the complex radial distribution around P. The Hopf
vector field V = −J∇r of each tube P (r), 0 < r < µ, around P defines a smooth vector
field on T (P, µ)\P belonging to the complex radial distribution. On complex space forms,
V is a principal curvature vector field on each P (r) (see [15]) and so, P (r) is a nice example
of Hopf hypersurface.
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Proposition 6.3. If (M,g, J) is nearly Ka¨hler and the regular leaves P (r), 0 < r < µ,
of TP are Hopf hypersurfaces, then the complex radial distribution around P is completely
integrable and it determines a totally geodesic two-dimensional almost regular invariant
foliation with the same singular leaves than those of the radial foliation RP .
Proof. Because ∇∇r∇r = 0, it follows from (6.18) and (6.19) that
∇∇f∇f = −π
µ
∇r(sin π
µ
r)∇f = −
(
π
µ
)2
f∇f.
Hence, using that (M,g, J) is nearly Ka¨hler, we have ∇∇fJ∇f = −
(
π
µ
)2
fJ∇f and since
(J∇f)(r) = 0 and SJV = αJV, for some smooth function α on M, one gets
∇J∇f∇f = −π
µ
sin
π
µ
r∇J∇f∇r = π
µ
sin
π
µ
rSJ∇f = (π
µ
α sin
π
µ
r)J∇f.
So, the complex radial distribution is geodesic. Moreover, we have
[∇f, J∇f ] = −π
µ
(
π
µ
f + α sin
π
µ
r)J∇f.
Then {∇f, J∇f} is a locally of finite type subset of vector fields and, from [12, Theorem
8.1], the complex radial distribution is completely integrable. Clearly, the points P ∪
Conj(P ) are all the singular leaves. 
Denote by σCP the complex radial distribution and by R
C
P the corresponding complex
radial foliation.
Lemma 6.4. On CPm(λ), and for each x ∈ CPm(λ), the orthogonal distribution (σCP )⊥r
of (σCP )r is umbilical.
Proof. Given a unit-speed geodesic γ starting at x = γ(0), there exists a parallel frame field
{E1, . . . , En} along γ such that En−1 = Jγ′ and En = γ′, and where the vectors Ei(r), i =
1, . . . , n−1, are eigenvectors of the shape operator of the small geodesic S(x, r) in CPm(λ)
at γ(r). The corresponding eigenvalues αi(r) are given by α1 = · · · = αn−2 = α, where
α = −√λ cot(√λr), and αn−1 = −2
√
λ cot(2
√
λr) (see [15]). Then the non-vanishing
components of the intrinsic torsion ξ of σCx are
g(ξEjEj , γ
′(r)) = g(ξEjJEj , Jγ
′(r)) = −g(ξJEjEj, Jγ′(r)) = α,
for j = 1, . . . , n− 2. It proves that (σCP )⊥r is umbilical. 
From Corollary 5.4 (I)(i), we have the following result.
Theorem 6.5. The complex radial foliation RCx = R
C
CP 1(λ) in the complex projective plane
CP 2(λ) is an absolute minimum for the energy functional on the set of all two-dimensional
invariant almost regular distributions and
B(RCx ) = 2λVol(CP
2(λ)).
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6.3. Deformations of a tubular foliation. Let TP be the tubular foliation around
an embedded submanifold P of a compact Riemannian manifold (M,g) and denote by σ
its tangent distribution. Let f : M → IR be the associated transnormal function given in
(6.18). For each ε ∈ [0, π2 ], we construct a new distribution σε given by
σε(x) =
{
σ(x), if |f(x)| ≤ sin ε or f(x) = ±1;
TxM, if sin ε < |f(x)| < 1.
Note that σ0 is a trivial distribution and σπ/2 coincides with σ.
Lemma 6.6. The distribution σε, for each ε ∈ [0, π2 ], is smooth and completely integrable.
Proof. Let D be any subset of Xloc(M) spanning σ. Then D ∪ {(α ◦ f)∇f} determines σε,
where α is a smooth real function which is 0 on [− sin ε, sin ε] and positive out this interval,
e.g.
α(t) =


e
− 1
(t+sin ε)2 , if t < − sin ε;
0, if − sin ε ≤ t ≤ sin ε;
e
− 1
(t−sin ε)2 , if t > sin ε.
Then, σε is smooth and, because D ∪ {(α ◦f)∇f} can be taken locally of finite type, it
follows from [12, Theorem 8.1] that σε is completely integrable. 
Then σε determines a foliation (TP )ε, called the ε-deformation of TP , whose singular
leaves are the singular leaves of TP , that is, the submanifold P in Case I and P and
Conj(P ) in Case II, together with the level sets f−1(sin ε) and f−1(− sin ε).
Remark 6.7. Clearly (TP )ε, for all ε ∈]0, π/2[, is not almost regular and it is not a
Riemannian foliation. Nevertheless, its tangent distribution σε is Riemannian.
Proposition 6.8. We have:
(6.21) B((TP )ε) =
1
2
n−1∑
a=1
∫ µ
2pi
(π+2ε)
µ
2pi
(π−2ε)
(∫
P (r)
α2a dvP (r)
)
dr,
where αa, a = 1, . . . n − 1, are the eigevalues functions for the shape operator of the level
sets of TP .
Proof. The set of the regular points Mr(ε) of σε is the union of the open subset
Mr(ε) = M
1
r (ε) ∪M2r (ε) = {x ∈Mr(ε) | d(x) = n− 1} ∪ {x ∈Mr(ε) | d(x) = n}
= f−1(]− sin ε, sin ε[) ∪ f−1(]− 1,− sin ε[∪] sin ε, 1[).
Moreover, M1r (ε) can be expressed as
M1r (ε) = {expP ru | u ∈ T⊥P, ‖u‖ = 1, |r −
µ
2
| < µε
π
}.
Since the intrinsic torsion of σε vanishes on M
2
r (ε) and it coincides with the intrinsic
torsion ξ1 of σ on M1r (ε), the result follows directly using (6.20). 
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Example 6.9. Let Ex be the spherical foliation around a point x in the 2-sphere S
2(λ).
Then a transnormal function f, such that Ex = Ff , is defined as f(expx rv) = cos t
√
λr,
where v ∈ TxSn(λ) and ‖v‖ = 1. Its level sets are round circles centered at x with
α(r) = −√λ cot t√λr and AS2(λ)x (r) = 2π√
λ
sin t
√
λr. From Theorem 5.1, we know that
B(Ex) =∞. Nevertheless, the ε-deformation (Ex)ε of Ex, for all ε ∈ [0, π2 [, has finite total
bending. In fact, from (6.21), we get
B(Fε) = π
∫ π/2+ε
π/2−ε
cos2 t sin−1 t dt = π
(
ln
(
1 + sin ε
1− sin ε
)
− 2 sin ε
)
.
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